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A B S T R A C T  

In this paper, the construction of Euler systems of cyclotomic units in a 
general global function fields is explained. As an application, an analogue 
of Gras' conjecture in a global function field is proved. 

1. I n t r o d u c t i o n  and  n o t a t i o n s  

Kolyvagin [7] introduced his remarkable Euler systems to prove important new 

results on ideal class groups of nmnber felds. This method was further developed 

by Rubin in [10 12]. Using similar arguments, Fcng and Xu [2] proved a result of 

the same type about abelian extensions of rational function fields, hi this paper, 

we extend [2] to a general global function field. 

Notation is standard if not explained. Specifically, k is a global function field 

with a finite constant field Fq of q elements and oc is a fixed infinite prime in k 

of degree do~. A denotes the ring of the flmctions in k which are holomorphie 

away from oc. Moo is the set of integral ideals of A and Poo is the set of prime 

ideals of A. ¢ stands for the unit ideal of A. Let k~ be the completion of k at 
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oc and ~ the completion of the algebraic closure of koo at ce. We also use ]Foo 

for the constant field of koo which is a finite extension over ~'q of degree doo. Put  

#P(a) = ~(A/a) x and Na = ~(A/a) for any a • Moo. 

For any finite abelian extension E / k ,  OE stands for the integral closure of A 

in E and #(E)  for the multiplicative group of nonzero elements of the constant 

field of E.  

Now we briefly review some facts from rank one elliptic nlodules (ef. [3, 5, 6]). 

Let i: A ~ ~ be the inclusion map. An elliptic (Drinfeld) module over fl is 

a nontrivial representation p of A as a ring of endomorphisms on the additive 

group scheme G~/~ = Spec(~[t]) such that the induced representation on the 

tangent space at zero is i. The endomorphism ring of (~  is isomorphic to the 

left twisted polynomial ring Q{F} in the Frobenius endomorphism F on G~/n. 

By the standard argument, it is clear that there is a positive integer n such that  

qdegp(x) = (N(x))n for all x ( #  0) • A. Such n is defined as the rank of p. In this 

paper we always assume that n = 1. Since the category of rank one A-lattices 

in fl is equivalent to the category of rank one elliptic modules over fl (see [3, 

§5]), there is a natural one-to-one correspondence between the set of isomorphic 

classes of rank one elliptic modules over Q and the set of ideal class group Pic(A) 

of A. 

A sign function s: k x ~ Foo x is a co-section of the inclusion morphism 

Foo x ¢_~ kX such that s(u) = 1 for all local principal units. An elliptic nlodule 

p is called sign normalized with respect to s if the leading coefficient of p(x) 
is in Foo x and equal to s(x) twisted by a fixed element in Gal(Foo/Fq) for all 

x ( #  0) • A. The field of definition K~ of a 

nornlalizing field) only depends on the sign 

is a sign normalized elliptic module pi(i = 
class over ~ (see [5, Prop. 4.6]). We always 

sign normalized elliptic module (the 

function (see [5, Def. 4.9]) and there 

1 , . . . ,  II Pic(A)) in each isomorphism 

fix the sign function s in this paper. 

Since the left ideal generated by {p(a) : a • m} in ~{F} for some elliptic 

module p is principal, we define pro(t) to be the polynomial in t obtained by 

letting the unique monic generator of this left ideal act on t (m • Moo). The 

m-torsion points of p are defined as the roots of po(t) ,  which form a cyclic A- 

module. Let A~ ) be the m-torsion points of pi for i = 1 , . . . , l lP ic(A) .  Then 

gm := K¢(A~ )) for all 1 < i < ~ Pic(A) (see [5, §4]) is a cyclotonlic function field 

over k. Let Hm be the maximal "real" subfield of Km which is the fixed field of 

the decomposition group of oo. 
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2. Index  formulas of  cyc lotomic  units  

The index formulas of cyclotonfic units were established recently by efforts of 

Anderson, Hayes, Oukhaba, Shu and Yin (see [1], [4], [8], [15] and [18]). In this 

section, we review their results. 

Let f = g m  for solne m E Moo, G = Gal(F/k) and d = IF : k]. Fix a prime 

number 1 with (l, dq(q d~ - 1)) = 1. For any irreducible Zt-representation of G 

denoted by X, write 
1 

= Z 
aEG 

If Y is a Z[G]-module, then Y ®z Zl is a ZdG]-module in the natural way. Write 

Y(X) = e(x)(Y ®~ Zl). Let w l , . . .  ,Wd denote all the primes of F above cx~. 

First we have the following lemma 

LEMMA 2.1: If  x is a nontrivial irreducible Zl-representation of G, then O~ (X) 
is a free rank one e(x)ZdG]-module. 

Proof: By assumption (l, q d ~  _ 1) = 1, thus O~ ®z Zl is a free Zl-module of 

rank d - 1 and 

= 

x 

where )¢ runs through all non-trivial irreducible Zt-representations of G. 

On the other hand, since Pic°(F) is fn i te  there is an ~ E O~ such that ~ has a 

zero at wl ant1 a pole at wi for all i = 2 , . . . ,  d. Therefore {a(c) : a E G \{1G}} 

are linearly independent over Z aml c(X)e ~ 1 for any nontriviM irreducible Zl- 

representation X of G. Since e(x)ZdG ] is isomorphic to the ring of integers of 

the unramified extension of Qt of degree dim(x), one concludes the lemma by 

considering the Zt-rank of ()~ ®z Zt. | 

The cyclotomic units of F consist of two parts. One is the ramified part and 

the other part is unramified. 

(I) UNR.AMIFIED UNITS. In order to get a nice index formula, one has to con- 

struct enough units in the Hilbert class field H of k. This was done by Hayes 

(see [4]) and Oukhaba (see [8] and [9]). 

Let p be a sign normalized elliptic module of rank one and a E Gal(H/k). 
For any p E Poo with the Artin symbol (p, H/k) = a, let A be a nonzero root 

of pp(t). Let U(a, H) be the subgroup of O~(~ generated by NK,/K,(pb(A)/A), 
where b runs over the set M ~  with (b, p) = 1. Then U(a, H) is independent of 
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the choice of p and p (see the proof of [9, Lemma 2] and [9, p. 304]). Then the 

unramified units of F are defined as 

u : l - I  
aeGal(H/k) 

R e m a r k  2.2: Since [Kp: HpK¢] = q - 1, then F ~ U  = ~'xo¢ (EG)q-1 where/~a is 

defined in [9, §1 and §2]. /~c is also the same as /~  defined in [18] (see remarks 

in [9, p. 299] and the introduction in [18]). 

(II) RAMIFIED UNITS. The ramified units R are defined as the intersection with 

OXgm of the subgroup of K~ x generated by F x a n d  Ul<i<llpic(A)_ _ A~)" 

Detinition 2.3: The cyclotonfic units EF of F are defined as EF = N K , , / F ( U R ) .  

The following theorem is quoted froill [18, Thin. 1] and [1]. 

THEOREM 2.4 (Hayes-Oukhaba-Shu-Yin-Anderson): 

Proof: Since 

~((O~/CF) ®Z Zl) = fi(Pic(OF) ®Z Zt). 

o × ~  q"~-~ c EF c ( U R ) n O ~  ( ( V R )  n v F ,  _ _ , 

the theorem follows from (l, qd~ _ 1) = 1, the remark at the end of [18, §2] and 

Remark 2.2. | 

3. Euler systems 

Let L be a power of I and 

Pie(A) = (hi) ® " "  G (ah) 

be a decomposition into a direct sum of cyclic subgroups, where ai is a fixed ideal 

of A and hi is its class in Pie(A) for 1 < i < h. Write ni for the order of fii in 

Pie(A) and fix a generator ai E A of a~ ~ for 1 < i < h. Let Q be the subset of 

P ~  whose dements q are prime to a i , . . . ,  ah and satisfy 

(i) q splits conipletely in F / k ,  
. i  1/L 1/L 

(ii) q splits completely in ~ta I , . . . , a  h ) / k ,  

(iii) / L (I)(q). 
By Chebotarev's density theorem, Q is infinite. Let S be the subset of M ~  

whose elements s are square-free and only divisible by primes in Q. 
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LEMMA 3.1: For any q E Q, there is a cyclic sub-extension Fq/F of degree L of 

F • Hq/F  which is totally ramified at all primes above q and unramified at  all 

primes not dividing q. 

Proof: Write Pie(A, L, q) for tile quot ient  of the group of fractional  ideals of 

A which are pr ime to q modulo  the subgroup of the principal ideals having a 

generator  which is an L- th  power modulo  q. Since L I q)(q) and (L, q - 1) = 1, 

one has the exact  sequence 

0 --+ Z / L Z  --+ Pie(A, L, q) > Pic(A) ) 0. 

By classfield theory (see [5, p. 230]), one has Gal(H~/k) ~ Pie(A) and there is 

a subfield H ~ between HE and Hq such tha t  Gal(HP/k) ~ Pic (A ,L ,  q) via the 

Art in  map.  By the condition (ii) on q, ai in Pie(A, L, q) has the same order as 

tha t  in Pie(A).  This  implies tha t  the above exact  sequence is split. Therefore,  

there is a subfield H "  of H ~ such tha t  H ' / k  is a cyclic extension of degree L. By 

considering the ramificat ion index, H ' / k  is total ly  ramified at  q and unramified 

everywhere else. Since F ~ H "  = k by condit ion (i) on q, F H "  is the desired 

extension. | 

For every q E Q, we fix the field Fq constructed in L e m m a  3.1. I t  is clear tha t  oc 

splits complete ly  in such Fq. I f s  E S with ~ = q l " "  qj, we write F~ = Fq, . . .Fq j  

and G;  = Gal(F~/F). For convenience we set F¢ = F.  Fur thermore ,  we define 

the norm opera tor  

= Z 
rEG~ 

Definition 3.2: An Euler  sys tem s tar t ing  from ~/E g r  is a m a p  

O:S---+ U F× 
~ES 

such tha t  0(¢) = ~l and satis(ying the following properties:  

For a n y ~ E S a n d q l s w i t h q E  Q, 

AX 1. 0(s) is a unit  of F.~. 

AX 2. NqO(s) = (Frq - 1)0(s/q),  where Fi'q is the Frobenius of q. 

AX 3. 0(,)  - 0(5/q) e(q)/L modulo  every pr ime above q. 

One has the following result. 

THEOREM 3.3: For any ~l E gF, there is an Euler system starting from 7 I. 

Proof." Wi thou t  loss of generality, we can assmne tha t  ~1 E NK~/F(U) or 71 E 

NKm/F(R). 
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(I) ~/E NKm/F(U): Then ~/may be built up from the following elements: 

NKm/FNK,/g, (P~ (A)/A) 

where q E P ~ ,  (q, s) = 1 and A is a nonzero root of pq for some sign normalized 

elliptic module p by Section 2. Then 0(s) is obtained by replacing such elements 

by 

NK /P~(~)  - Epl0 A(p) 

where A(p) is a fixed p-torsion generator of p. 

In order to prove 0(s) satisfying AX 1, AX 2, and AX 3, one only need check 

that  (1) satisfies these three properties. 

AX 1 follows fi'om [5, Corollary 4.13 or Thin. 4.17]. 

Suppose rls with r E P~o. Write s = rs~. To prove AX 2, one notices 

N, NKm,o/F, (pb(k) - E A(p)) 
lala 

= NK.,.otlFot f l  a(pb(A)-  E A(p)) 
o'EOa.l(Kr~q~/Kmq~t ) pla 

= NK.,.ot/I~°1 H (P[I(/~) -- E I~(p) -- 0"/~(~-)) 
aE GaI( Kr / K~ ) Plat 

The last equality holds by definition since {aA(r)} are exactly the set of 

nonzero torsion points of pr. Therefore AX 2 follows from [5, Theorem 4.12] since 

p~(A) - Y:pla~ A(p) is in the set of qsFtorsions of p and (r, qsz) = 1. 

Now we show that AX 3 is satisfied too. By ramification considerations one 

has K~qat n Fs = Fat and 

[Kmqa : Km,aiFs] = [Km,a : Km,s~]/[Km,stFa: Kin,at] 

= ~(r) / [Fa : Fa,] -- ¢(r) / [F~ : F] (since Fa, n F :  = F)  

= ¢ ( ~ ) / L .  

Therefore AX 3 follows from [5, Theorem 4.17]. 
(II) r] E NK../F(R): Then 7! is built up from the following elements: 

NKm/F(A) 
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where A is a nonzero m-torsion elenmnts of some sign normalized elliptic module  

p. Then  0(s) is obta ined by replacing such elements  by 

NK.,~/F ~ (A - Z A(p)) 
vls 

where p E Q and A(p) is a fixed genera tor  of p-torsion of p. I t  is obvious tha t  

0(e) = 't, which is a refit. If  5 % ¢, then 

is a refit by [5, Theorem 4.17]. Therefore AX 1 follows. AX 2 and AX 3 follow 

from the same a rgmnents  as those in case (I). 1 

We next  explain how to construct  a sequence of elenmnts of F × fi'om an Euler  

sys tem in the next  two lemmas.  Before doing this we further  set some notat ion.  

For each q • Q we fix a genera tor  aq of Gal(Fq/F) and write 

L - I  
, q  : ~ i¢r~, Vs -- H Dq, Vs • S. 

i=1 qls 

LEMMA 3.4: For any 5 • S, D~(O(s)) • [FX/(FX)L] Oo. 

Prook If  ql~, write s = qsl; then 

(aq - 1)D~(0(5)) = (L - N.)D~, (e(s)) 

_= ( 1 -  Fr,)D~(O(~)) (mod(F[)L). 

Since Frq • G ~ ,  the l emma  follows by induction. 1 

LEMMA 3.5: For atly s • S, there is a ~ • F x such that 

n,~ =- D,(O(5)) ( m o d ( F ¢ ) L ) .  

Proo~ Since oc splits complete ly  in all F~, #(F~) C_ F ~  ×. Thus  (~#(F~), L) = 1. 

Hence by L e m m a  3.4 the following 1-cocycle is well-defined: 

c~:G~ - - +  F ~  

O', >[(0"- 1)Ps(O(~))] 1/L. 

By Hi lber t ' s  Theorem 90, there is a fl~ • F ~  such tha t  c~(a) = (a - 1)fls for all 

e a s .  Put  = and we are done. • 
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Let J denote the group of fractional ideals of F ,  Jq the subgroup of J generated 

by the prime ideals above q, [y] and [y]q the projections of principal ideal (y) in 

J / L J  and Jq/LJq, respectively. To look at the factorization of n, in J J L J q  we 

need 

LEMMA 3.6: For each prime ideal q E S, there is a unique Gal(F/k)-equivariant 

homomorphism 

(Or/qOF) × > J , / L J ,  

such that the following diagram commutes: 

F X 
j q 

( O F / q O F )  ×)L > Jq/LJq 

where for any x C Fq x , f (x)  = [(1 - aq)X] L/~(q) and r (x)  = [Nqx]q. 

Proof: Suppose ~ is a prime ideal of Fq above q and take 7r E ~ - 9 2. Then  

the homomorphism 

Gal(Fq/F) > ( O g , / ~ )  x, . ~ (1 - a ) T r  

is injective. So the order of (1 - aq)Tr in (Og, /~)  × ~ (A/q) × is L. Hence ~ is 

surjective by the Chinese Reinainder Theorem and ker(/)  consists of the elements 

of Fq x which have order divisible by L at all primes above q. Then  the lemma 

follows from the surjectivity of r and ker(~) = ker(r) .  II 

For q E S we will also write ~q for the induced homomorphism 

~, : {y E FX /(FX)L : [y], = 0} ----+ Jq/LJq. 

LEMMA 3.7: Suppose s C S with s ~ ¢ and q C Poo. Then 

I" 0 if  (q, ~) = 1, 
[~o], / ~q(t~/q) if ql~. 

Proo~ By Lemma 3.5, n~ = D~(0(5))//3 L. 

(i) If (q,s) = 1, all primes above q are unramified in F~/F. So [n~]q = 0 by 

AX 1. 

(ii) If qls, write 5 = qt and ~t = Dt(9( t ) ) / f l  L with fit e Ft ×. Then  

( .  - 1)/3  = [ ( .  - 1/L 
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for all a C G~ and 

( a ' -  1)fit = [ ( a ' -  1)D,(O(t))] 1/L 

for all r7' c Gt. By (i), one can also assume tha t  fit is prime to q. Since (ilL) = 

(n~-l) as a fractional ideal in F~ and all primes above q are unramified in F~/Fq, 

there is a 7 E Fq such that, fl~7 is a unit at all primes above q. So [NqT]q = [n.~]q. 

Consider 

(1 - (7,) 7 - ( a q  - 1)fl.~ = [(Crq - 1)D.~(O(s))] 1/L 

=[ (L  - Nq)Dt(O(~))] 1/L 

=Dt(O(s) )/[NqD~(O(s) )] 1/L 

=D,(O(s))/[D,(Frq - 1)(O(t))] 1/L (by AX 2) 

=-[D,(O(t))]*(q)/L/(Frq - 1)fit (by AX 3) 

--[D,(O(t) )]*(q)/L / fl~ (q) 

=( D, ( O( t) ) / f l i  ) ̀ ~(~) / i 

modulo any prime above q. The lemma now follows from Lennna 3.6. | 

By applying the Chebotarev Theorem, we can choose the desired 5 E S. Lett ing 

C denote t h e / - p a r t  of P ic (Og) ,  we have 

PROPOSITION 3.8: Let X he a nontrivial irreducible Zt-representation of G and 
C E C. Let W be a finite G-submodule of (FX/ (FX)L)oI ) ,  and 

¢: W --+ (Z/LZ)[G] 

a G-equivariant map. Then there are infinitely many primes L, o f F  such that 
(i) ~ ~ c; 
(ii) q E S, where q = flN A; 

(iii) [W]q = 0 for all w C W,  and there is a u E ( Z / L Z )  x such that qOq(W) = 

u¢(w)~  For all w C W.  

Prod: Sut)pose E is the maxilnal unranfified abelian l-extension of F in which 

all infinite prinles of F split comi)letely. Then  C is identified with Gal (E /F)  

by the Art in nlap. Let F '  = Fq,,F be a constant  fie.ld extension of F with 
L I (qJ~' 1) and F ,~,, 1/L 1/L, - = 1- Vtl , . . . , a  h ). Write T for the Frobenius generator  of 

Gal( F' / F)  ~ GaI(L,, /]?o~).  

S t e p  (1): E C I F ( W  l/L) : F 

Since all infinite primes of  F split completely in E / F ,  the constant  

field of E iv the same as tha t  of F .  This implies tha t  F t g ~ E  = F .  Since 
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F(w1/L) /F ' is a K u m m e r  extension, the act ion of T on Gal(F(W1/L)/F ') is the 

qd~c-th power mapping.  On the other  hand,  T acts on Gal(EF~/F ') trivially. 

Thus  EF' A F(W 1/L) = F' since (L, qd~ _ 1) = 1. Hence E A F(W 1/L) = F as 

desired. 
Step (2): (FX/(FX)L)(x) C_ ~ x / ( ~ x ) L  

If  a • F x with a = b L for some b • F ~x, then there is c E F~, such t ha t  

T(b) = sb. Let 6 be a genera tor  of Fq,,. Then  c -1 = (~m for some integer m. 

Since c L = 1 and (L,q d~ - 1) -- 1, one has (qt, _ 1)lm L and (qd~ _ 1)ira" By 

the Chinese Remainder  Theorem,  there is an integer x such tha t  

Lx==-O ( m o d q  u - l )  and (qd~_l)x_--m ( m o d q  u - l ) .  

Thus  

6 ~ b E F  x and a - - b  L=(6~b) LE ( F × )  L. 

I t  follows tha t  FX /(FX) L C_ F'x /(g'X) L. 

Fur thermore ,  take e E (FX/(FX)L)(x) with e E (~×)L .  Then  e is in the 

group genera ted by a l , . . . ,  ah in F'X/(F'X) L by K u m m e r  theory. So there are 

some ra t ional  integers Cl,. • . ,  Ch and f E F 'x  such tha t  e = a~ 1-.  " ~h-Ch~LJ. Since 

F×/(F×) L C_ F'X/(F'X) L, one can choose f E g x. Because a l , . . . , a h  are in 

k x and X is nontrivial ,  the X-component  of the group generated by a l , . . . ,  ah in 
FX/(FX) L is trivial.  I t  follows tha t  (FX/(FX)L)(x) C_/}x/(~×)L. 

Step (3): Cons t ruc t ion  of 

By K u m m e r  theory and Step (2), Gal([~(w1/L)/[ z) TM H o m ( W , F ~ , ) .  Fix 

a pr imit ive L- th  root  of unity ~L and define a m a p  ~: (Z/LZ)[G] --+ Fq,, by 

~( la)  = ;L and L(g) = 1 for g E G, 9 ¢ l a .  Then  ~¢ • Hom(W,  Fq,)  and there 

is a ff • Gal(F(W1/L)/F) such tha t  r e (w)  = ~/(wl/L)/w 1/L for all w • W. 

Choose T • Gal(EF(W1/L)/F) such tha t  T restricts to 7 on [~(W 1/L) and 

to the Art in symbol  of C on E .  By the Chebo ta rev  Theorem (see [17, p. 289, 

Theorem 12; p. 104, Corol lary 2]), there are infinitely many  degree one pr imes 

of F which are unramified in EF(w1/L)/k,  and whose Frobenius class is the 

conjugacy class of T. We will verify tha t  Q satisfies (i)-(iii). 
(i) follows from the Art in  map.  

Write  q = ~ A A. Then  ~ splits complete ly  in F since ~- is tr ivial  on _F. As Q has 

degree one and q is unramified,  q splits complete ly  in F/k, xta 1 '  " 1/n,.. ., ah/L)/k 
and Fq,, k/k. Hence q • S and (ii) follows. 

Since 0 is unramified in F(w1/L)/F,  [w]q = 0 for all w • W. By L e m m a  3.6, 

ord~(~aq(w)) = 0 if and only if w is an L- th  power modulo  6. 
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On the other hand, since q splits completely in F/k ,  

ordo(¢(w)~ ) = 0 ¢* re(w) = 1 ca ~/(w ~/L) = w 1/L. 

By a simple computation, 

"~(w ~/L) = w ~/~ ¢* a'~a-l(w ~/r) = w 1/L W 6 Gal(F(W1/L) /F)  

which is equivalent to w being an L-th power modulo 0. It  follows that  there is 

u ~ (Z /LZ)  × such that  

ordo(~q(W)) = u(ordo(¢(w)0)) Vw E W. 

This proves (iii) since G acts on all primes above q transitively. | 

The following main result follows from the same arguments as those in 

[2, Theorem 4.3]. We repeat them for completeness. 

THEOREM 3.9: Let C be the l-part o[Pic(OF). Then 

~C(x) = ~(O~/gF)(X) 

for every nontrivial irreducible Zt-representation X of G. 

Proof'. Put  L = I~(O~/EF)(X)~C(x). Since (O~/ (o~)L) (x )  is a cyclic 

e(x)Zt[G]-module by Lemma 2.1 and e(X)Zt[G] is isomorphic to the ring of 

integers of the unramified extension of Qt of degree dim(x),  there is a divisor 

t of L such that  

(O~lgr)(X)  = (x)(ZltZ)[C] 

with ~(O~/EF)(X) = t dim(x).  Suppose 7/ is a generator o f  (O~./(O~.)L)(x) as 
an e(X)ZdG]-module, '1 has order L and 71 t E (gF/(O~)L)(x).  Then there is an 

Euler system starting fl'om ,/t by Theorem 3.3. From now on we fix such an Euler 

system. 

By induction, suppose C1, . . . ,Ci  are elements in C(X) and one has chosen 

01 , - . - ,0 i  such that  the class of flj in C(X) is Cj and qj = 0j N A  C S for 

l<_j<_i .  

Writing si = YIj_<i qj (so = ¢) we have ~ by Lemma 3.5. Let m~ be the 

order of e(X)n~, in F × / ( F  ×)L, ti = L /mi  and W be the G-module generated by 

e(X)ns, in (F× /(F×)L)(x) .  Define a G-equivariant map ¢: W -+ (Z/LZ)[G] by 

¢(e(x)t~,~) = tie(x) and choose Ci+l E C(X) - (C1, . . . ,  Ci}. By Proposition 3.8, 

one has a prime t~+; of F such that  the class of t~i+l in C(X) is C~+1, q~+l = 

0i+1 VIA E S and there is u E (Z /LZ)  × satisfying ~q~+~ (e(x)n, , )  = utie(X)Oi+l. 
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Writ ing ~i+l = siqi+l we obtain t%~+~ by Lemma 3.5. Let mi+x be the order 

of e(x)n~+~ in FX/(FX) L and t~+l = L/mi+l. Then e(x)t%~+~ = ft~+~ for some 

f C F x. By Lemma 3.7, 

[e(x)t%~+z] = ~q~+~ ( e ( x ) ~ )  + E[e(x)~s~+~ ]qj --- utie(x)&+l 
j<i 

in J/(LJ, Jq~,..., Jq~). So ti+llti and ti+llto by induction. Since n*o = n¢ = ~l t 
one has to = t and (L/ti+l)C(x) = O. Now in J/((L/ti+l)J, Jq~,..., Jq~) one has 

[f] - u(ti/ti+l)e(x)Oi+l. 

This implies tha t  

(ti/ti+l)Ci+l -- 0 

in C(x)/(C1,. . . ,  Ci). 
Continue this process until we obtain a set {C1 . . . .  , Ck} which generates C(X) 

as an  (x)Zda]-module. Then 

[(el,..., G+I): (el,..., G)][(ti/ti+l) dim(x) 

for i = 0, 1 , . . . ,  k - 1 and therefore 

k 

~C(x)I I I  (ti-1/ti) dim(x) = (to/tk) dim(x). 
i = l  

Thus 

The result follows from Theorem 2.4. 

~C(x ) It0 dim(x) = ~(O~ /£F)(X). 

| 
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