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ABSTRACT

In this paper, the construction of Euler systems of cyclotomic units in a
general global function fields is explained. As an application, an analogue
of Gras’ conjecture in a global function field is proved.

1. Introduction and notations

Kolyvagin [7] introduced his remarkable Euler systems to prove important new
results on ideal class groups of number fields. This method was further developed
by Rubin in [10-12]. Using similar arguments, Feng and Xu [2] proved a result of
the same type about abelian extensions of rational function fields. In this paper,

we extend [2] to a general global function field.

Notation is standard if not explained. Specifically, £ is a global function field
with a finite constant field F, of ¢ elements and oo is a fixed infinite prime in &
of degree dy,. A denotes the ring of the functions in & which are holomorphic
away from oc. M, is the set of integral ideals of A and P is the set of prime
ideals of A. ¢ stands for the unit ideal of A. Let ko be the completion of k at
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oo and 2 the completion of the algebraic closure of ko at co. We also use F
for the constant field of k, which is a finite extension over F; of degree d. Put
®(a) = §(A/a)* and Na = §(A/a) for any a € M.

For any finite abelian extension E/k, Of stands for the integral closure of A

in E and p(FE) for the multiplicative group of nonzero elements of the constant
field of E.

Now we briefly review some facts from rank one elliptic modules (cf. [3, 5, 6]).
Let i: A — Q be the inclusion map. An elliptic (Drinfeld) module over € is
a nontrivial representation p of A as a ring of endomorphisms on the additive
group scheme G,,q = Spec(Q2[t]) such that the induced representation on the
tangent space at zero is . The endomorphism ring of G, is isomorphic to the
left twisted polynomial ring Q{F} in the Frobenius endomorphism F on G,/q.
By the standard argument, it is clear that there is a positive integer n such that
qde8?(®) = (N(x))" for all x(# 0) € A. Such n is defined as the rank of p. In this
paper we always assume that n = 1. Since the category of rank one A-lattices
in § is equivalent to the category of rank one elliptic modules over Q (see [3,
§5]), there is a natural one-to-one correspondence between the set of isomorphic

classes of rank one elliptic modules over 2 and the set of ideal class group Pic(A4)
of A.

A sign function s: kX — Fyo ™

is a co-section of the inclusion morphism
Fo * < kX such that s(u) = 1 for all local principal units. An elliptic module
p is called sign normalized with respect to s if the leading coefficient of p(x)
is in Foo ¥ and equal to s(z) twisted by a fixed element in Gal(Fo, /Fy) for all
z(# 0) € A. The field of definition K, of a sign normalized elliptic module (the
normalizing field) only depends on the sign function (see [5, Def. 4.9]) and there
is a sign normalized elliptic module p;( = 1,..., Pic(A4)) in each isomorphism
class over Q (see [5, Prop. 4.6]). We always fix the sign function s in this paper.

Since the left ideal generated by {p(a) : a € m} in Q{F} for some elliptic
module p is principal, we define pn,(t) to be the polynomial in ¢ obtained by
letting the unique monic generator of this left ideal act on ¢t (m € My ). The
m-torsion points of p are defined as the roots of py(t), which form a cyclic A-
module. Let A% be the m-torsion points of p; for i = 1,...,§Pic(A). Then
Ky = Kt(A.(;‘)) for all 1 < ¢ < fPic(A) (see [5, §4]) is a cyclotomic function field
over k. Let H,, be the maximal “real” subfield of K, which is the fixed field of
the decomposition group of oo.
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2. Index formulas of cyclotomic units

The index formulas of cyclotomic units were established recently by efforts of
Anderson, Hayes, Oukhaba, Shu and Yin (see (1], [4], [8], (15] and [18]). In this
section, we review their results.

Let F = Hy, for some m € My, G = Gal(F/k) and d = [F : k]. Fix a prime
number [ with (I, dq(q%> — 1)) = 1. For any irreducible Z;-representation of G
denoted by x, write

)= 5 3 Tr(xo))o ™
oceG
If Y is a Z{G]-module, then Y ®7 Z; is a Z;[G}-module in the natural way. Write
Y(x) = elx)(Y ®z Z;). Let wy,...,wq denote all the primes of F above cc.
First we have the following lemma

LEMMA 2.1: If x is a nontrivial irreducible Z;-representation of G, then Of(x)
is a free rank one e(x)Z;[G]-module.

Proof: By assumption (I,¢%< — 1) = 1, thus O ®z Z; is a free Z;-module of
rank d — 1 and
05 ®zZi=EPOg(x)
bt
where x runs through all non-trivial irreducible Z;-representations of G.

On the other hand, since Pic®(F) is finite there is an e € Op such that £ has a
zero at wy and a pole at w; for all i = 2,...,d. Therefore {o(c) : 0 € G~{1c}}
are linearly independent over Z and e{x)e # 1 for any nontrivial irreducible Z;-
representation x of G. Since e(x)Z;[G] is isomorphic to the ring of integers of
the unramified extension of @, of degree dim(y), one concludes the lemma by
considering the Z;-rank of O ®z Z;. ]

The cyclotomic units of F' consist of two parts. One is the ramified part and
the other part is unramified.

(I) UNRAMIFIED UNITS. In order to get a nice index formula, one has to con-
struct enough units in the Hilbert class field H of k. This was done by Hayes
(see [4]) and Oukhaba (see [8] and [9]).

Let p be a sign normalized elliptic module of rank one and ¢ € Gal(H/k).
For any p € Py with the Artin symbol (p, H/k) = o, let A be a nonzero root
of py(t). Let U(a, H) be the subgroup of O generated by Nk, (po(A)/A),
where b runs over the set My, with (b,p) = 1. Then U(o, H) is independent of
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the choice of p and p (see the proof of [9, Lemma 2] and {9, p. 304]). Then the
unramified units of F' are defined as

U= J] Ul,H).
oE€Gal(H/k)
Remark 2.2: Since [K, : HyK,] =g — 1, then FX U = FX (Eg)9~! where Eg is
defined in [9, §1 and §2]. Eg is also the same as E defined in [18] (see remarks
in [9, p. 299] and the introduction in [18]).

(II) RAMIFIED UNITS. The ramified units R are defined as the intersection with
Ok.,, of the subgroup of K generated by F, and Ur<ict pic(a) AD.

Definition 2.3: The cyclotomic units £¢ of F' are defined as £ = Ng, ;r(UR).

The following theorem is quoted from [18, Thm. 1] and [1].
THEOREM 2.4 (Hayes-Oukhaba-Shu-Yin-Anderson):

1((Or/EF) ®7 Zi) = §(Pic(OF) ®7 Ly).

Proof: Since
(UR)yNOX)"~~1C & C (UR) N O},

the theorem follows from (/,¢%> — 1) = 1, the remark at the end of [18, §2] and
Remark 2.2. ]

3. Euler systems

Let L be a power of [ and
Pic(A) = (@1) -+ ® (@n)

be a decomposition into a direct sum of cyclic subgroups, where a; is a fixed ideal
of A and a; is its class in Pic(A) for 1 < i < h. Write n; for the order of &; in
Pic(A) and fix a generator a; € A of a]* for 1 < ¢ < h. Let Q be the subset of
P, whose elements q are prime to a;,...,a, and satisfy

(i) q splits completely in F/k,

(ii) q splits completely in k(a}/L, ey aZ/L)/k,

(iii) L | ®(q).

By Chebotarev’s density theorem, @ is infinite. Let S be the subset of M
whose elements s are square-free and only divisible by primes in Q.
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LEMMA 3.1: For any q € Q, there is a cyclic sub-extension Fy/F of degree L of
F - Hy/F which is totally ramified at all primes above q and unramified at all
primes not dividing q.

Proof:  Write Pic(A4, L,q) for the quotient of the group of fractional ideals of
A which are prime to q modulo the subgroup of the principal ideals having a
generator which is an L-th power modulo q. Since L | ®(q) and (L,g~ 1) =1,
one has the exact sequence

0 — Z/LZ — Pic(A, L,q) — Pic(A) — 0.

By classfield theory (see [5, p. 230]), one has Gal(H./k) = Pic(A) and there is
a subfield H' between H. and H, such that Gal(H'/k) = Pic(4, L,q) via the
Artin map. By the condition (ii) on g, a; in Pic(A, L, q) has the same order as
that in Pic(A). This implies that the above exact sequence is split. Therefore,
there is a subfield H" of H' such that H" /k is a cyclic extension of degree L. By
considering the ramification index, H" /k is totally ramified at q and unramified
everywhere else. Since FF 1 H” = k by condition (i) on g, FH” is the desired
extension. ]

For every q € @, we fix the field F; constructed in Lemma 3.1. 1t is clear that oo
splits completely in such F,. If s € S with s = q, -+ - q;, we write F, = Fy, -+ F,
and G; = Gal(F,/F). For convenience we set F, = F. Furthermore, we define

the norm operator
= Z T € Z|G,]
TEG,

Definition 3.2: An Euler system starting from n € £r is a map
6: S — | FX
s€ES
such that 6(e) = n and satisfying the following properties:
For any s € S and g | s with q € O,
AX 1. (s) is a unit of F,.
AX 2. Ny8(s) = (Fry — 1)0(s/q), where Fr, is the Frobenius of q.
AX 3. (s) = 6(s/q)®V/L modulo every prime above g.

One has the following result.

THEOREM 3.3: For any n € €F, there is an Euler system starting from .

Proof:  Without loss of generality, we can assume that 9 € N _,r(U) or n €
NKm/F(R)
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(I) n € Nk, yr(U): Then 1 may be built up from the following elements:
Nk,./FNK, /K. (pe(A)/A)

where q € Py, (q,5) = 1 and A is a nonzero root of p; for some sign normalized
elliptic module p by Section 2. Then 6(s) is obtained by replacing such elements
by

po(X) = 1 M)
1 NK,..qs/Fg( - Zpl:,\(p) )

where A(p) is a fixed p-torsion generator of p.

In order to prove 6(s) satisfying AX 1, AX 2, and AX 3, one only need check
that (1) satisfies these three properties.

AX 1 follows from [5, Corollary 4.13 or Thm. 4.17].

Suppose t|s with v € P,. Write s = vs,. To prove AX 2, one notices

NeNK oo /P (06(3) = Y A(P))

pls
= NKpqoy /Fay 1T a(ps(X) = D> Ap))
c€Gal(Kmqa/Kmqs, ) pls
=NKmq°1/Fﬁ1 H Zl\ _U/\
ocGal(K /K. ) pls1

pe(po(A) = 241, A(P))
= Nicwaor /o, Pe(A) = 2 pja, AP) )

The last equality holds by definition since {gA(r)} are exactly the set of
nonzero torsion points of p,. Therefore AX 2 follows from [5, Theorem 4.12] since
Pe(A) = 3o pe, Alb) is in the set of gsi-torsions of p and (r,qs1) = 1.

Now we show that AX 3 is satisfied too. By ramification considerations one
has Kmnqs, N Fs = F,, and

[Kmqﬁ : Kmq51F5] = [Kmqs : Krnqsl]/[Kmqles : Kmqsl]
= ®(v)/[Fs : Fs,] = ®(t)/[F; : F] (since F,, N F, = F)

Therefore AX 3 follows from [5, Theorem 4.17].
(II) n € Nk, /r(R): Then 5 is built up from the following elements:

Nk, r(A)
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where A is a nonzero m-torsion elements of some sign normalized elliptic module
p. Then 6(s) is obtained by replacing such elements by

Nipo /(A = D A(P))

pls

where p € @ and A(p) is a fixed generator of p-torsion of p. It is obvious that
f(e) = 7, which is a unit. If s # e, then

)
pls

is a unit by [5, Theorem 4.17]. Therefore AX 1 follows. AX 2 and AX 3 follow
from the same arguments as those in case (I). |

We next explain how to construct a sequence of elements of F* from an Euler
system in the next two lemmas. Before doing this we further set some notation.
For each q € Q we fix a generator g4 of Gal(Fy/F) and write

L-1
Dy=Y ioi, Di=]][Dy Vs€S.
i=1

qls

LEMMA 3.4: For any s € S, Ds(6(s)) € [FX/(FX)E]%.
Proof: If q|s, write 5 = qs1; then

(0q = 1)Ds(6(s)) = (L — Nq)Ds, (6(s))
= (1 —Frg)D,,(0(s1)) (mod(FX)L).

Since Frq € G, the lemma follows by induction. |

LEMMA 3.5: For any s € S, there is a Kk, € F* such that

ke = Dg(A(s)) (mod(F))L).

Proof:  Since oo splits completely in all F,, u(F,) C Foo *. Thus (fu(F,), L) = 1.
Hence by Lemma 3.4 the following 1-cocycle is well-defined:

ce: Gs — FF
o+ [(o - 1)D4(6(s))]/~.

By Hilbert’s Theorem 90, there is a 3, € F* such that ¢;(0) = (o — 1)53; for all
0 € G,. Put ks = D,y(6(s))/BL and we are done. |
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Let J denote the group of fractional ideals of F', J; the subgroup of J generated
by the prime ideals above q, [y] and [y]q the projections of principal ideal (y) in
J/LJ and Jq/LJq, respectively. To look at the factorization of &, in Jq/LJ, we
need

LEMMA 3.6: For each prime ideal q € S, there is a unique Gal(F/k)-equivariant
homomorphism
¢q: (Op/q0F)™ — Jq/LJ,

such that the following diagram commutes:

q
N
(Or/q0F)* /((OF/90F)*)* — Jo/ LIy

where for any x € 5, £(z) = [(1 - 04)2]H/ 2 and r(z) = [Nyz),.

Proof: Suppose ‘B is a prime ideal of F, above q and take = € p — PB2. Then
the homomorphism

Gal(Fy/F) — (Or,/B)*, 0 — (1—-o)r

is injective. So the order of (1 — oq)7 in (OF,/B)* = (A/q)* is L. Hence £ is
surjective by the Chinese Remainder Theorem and ker(£) consists of the elements
of F* which have order divisible by L at all primes above q. Then the lemma
follows from the surjectivity of r and ker(£) = ker(r). ]

For q € S we will also write ¢, for the induced homomorphism
wq: {y € FXJ(F¥)L : [ylq = 0} — J4/LJ,.
LEMMA 3.7: Suppose s € S with s # ¢ and q € Po,. Then
[K] _{0 jf(q,s):],
slq @qlkssq) if gls.

Proof: By Lemma 3.5, s, = D,(6(s))/BL.

(i) If (q,5) = 1, all primes above q are unramified in F,/F. So [ks]q = 0 by
AX 1.

(ii) If q|s, write s = qt and %, = Dy(A(t))/BE with B, € F*. Then

(0 = 1)Bs = [(0 = 1) Ds (8(s))]/*
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for all 0 € G, and
(' = 1)B: = [(¢’ = 1)Dy(6(t)]/*

for all o' € Gy. By (i), one can also assume that 3 is prime to q. Since (8L) =
(k71) as a fractional ideal in F, and all primes above q are unramified in F,/Fy,
there is a v € F such that (. is a unit at all primes above q. So [Ngv]q = [Ks]q-
Consider

(1=0g)y=(oq—1)Bs = [(‘Tq - 1)D5(0(5))]1/L
=((L — Nq)Di(8(s))]"/*
=D(8(s))/[Nq Dy (6(s))]/*
=Di(0(s))/[Di(Fry — Y(BW)]E (by AX 2)
=[Dy(0(O)N* D/ (Frg — )8 (by AX 3)
[Dy(0(1)) /L /P
(De(8(t))/BL) /-

modulo any prime above q. The lemma now follows from Lemma 3.6. [ |

By applying the Chebotarev Theorem, we can choose the desired s € S. Letting
C denote the l-part of Pic(Op), we have

PROPOSITION 3.8: Let x be a nontrivial irreducible Z;-representation of G and
C € C. Let W be a finite G-submodule of (F* /(F*)¥)(x), and

v W — (Z/LZ)|G]

a G-equivariant map. Then there are infinitely many primes p of F' such that
() eeC;
(ii) g € S, where q = pN A;
(iii) [w]q = 0 for all w € W, and there is a uw € (Z/LZ)* such that pq(w) =
wp(w)e for all w € W.

Proof:  Suppose E' is the maximal unramified abelian l-extension of F' in which
all infinite primes of F' split completely. Then C is identified with Gal(E/F)
by the Artin map. Let F' = Fu F be a constant field extension of F with
Li(g#—1)and F=F /((L}/ Lo a}l/ L). Write 7 for the Frobenius generator of
Gal(F'/F) = Gal(Fyn [Fo ).

Step (1): ENnF(WYE) = F

Since all infinite primes of F split completely in E/F, the constant
field of E is the same as that of F. This implies that F " E = F. Since



376 F. XU AND J. ZHAO Isr. J. Math.

F(WYL)/F' is a Kummer extension, the action of 7 on Gal(F(W/L)/F’) is the
g%<-th power mapping. On the other hand, T acts on Gal(EF'/F’) trivially.
Thus EF' N F(WYL) = F' since (L,q% — 1) = 1. Hence ENF(WYL) = F as
desired.

Step (2): (F*/(FX)F)(x) C F*[(F*)

If a € F* with ¢ = b for some b € F'*, then there is ¢ € IF;,, such that
7(b) = €b. Let § be a generator of F.. Then e~1 = 6™ for some integer m.
Since e& = 1 and (L,q%< — 1) = 1, one has (¢* — 1)|mL and (g%~ — 1)}m. By
the Chinese Remainder Theorem, there is an integer x such that

Lr=0 (modg”*—1) and (¢** —1)z=m (modg* —1).

Thus
6°b € F* and a=b" = (6°b)" € (F*)L.

It follows that F* /(FX)L C F'* J(F"™)L,

Furthermore, take e € (F*/(F*)L)(x) with e € (F*)L. Then e is in the
group generated by ay,...,ap in F'*/(F"™)L by Kummer theory. So there are
some rational integers ci,...,cs and f € F'™ such that e = af* ---aj* fL. Since
FXJ)(F)L € F"™ J(F'™)L, one can choose f € FX. Because ay,...,ap are in
k* and y is nontrivial, the y-component of the group generated by ai,...,as in
F*J(F*)L is trivial. It follows that (F*/(F*)E)(x) C F*/(F*)E.

Step (3): Construction of p

By Kummer theory and Step (2), Gal(F(WYL)/F) = Hom(W, Fy.). Fix
a primitive L-th root of unity {; and define a map u: (Z/LZ)[G] — Fy. by
(1g) = ¢z and ¢(g) = 1 for g € G, g # 1g. Then 1y € Hom(W,F,.) and there
is a v € Gal(F(WYL)/F) such that utp(w) = y(w'/L)/wl/L for all w € W.

Choose 7 € Gal(EF(W/L)/F) such that 7 restricts to v on F(WYL) and
to the Artin symbol of C on E. By the Chebotarev Theorem (see [17, p. 289,
Theorem 12; p. 104, Corollary 2]), there are infinitely many degree one primes
o of F which are unramified in EF(W/L)/k, and whose Frobenius class is the
conjugacy class of 7. We will verify that g satisfies (i)—(iii).

(i) follows from the Artin map.

Write g = pN A. Then g splits completely in F since 7 is trivial on F'. As p has
degree one and q is unramified, q splits completely in F/k, k(ai/ L& L) /k
and Fg« k/k. Hence q € S and (ii) follows.

Since p is unramified in F(Wl/L)/F, [w]q = 0 for all w € W. By Lemma 3.6,
ord,(pq(w)) = 0 if and only if w is an L-th power modulo p.



Vol. 124, 2001 EULER SYSTEMS IN GLOBAL FUNCTION FIELDS 377
On the other hand, since q splits completely in F/k,
ord,(Y(w)e) = 0 & wh(w) = 1 & y(w'/L) = /L,
By a simple computation,
Yty = w't & oyo~ Y (w'L) = wl Vo € Gal(F(WYL)/F)

which is equivalent to w being an L-th power modulo p. It follows that there is
u € (Z/LZ)* such that

ord,(@q(w)) = uordy(y(w)e)) Yw € W.

This proves (iii) since G acts on all primes above q transitively. |

The following main result follows from the same arguments as those in
[2, Theorem 4.3]. We repeat them for completeness.

THEOREM 3.9: Let C be the l-part of Pic(OFp). Then

HC() = #(OF/Er)(X)

for every nontrivial irreducible Z;-representation x of G.

Proof: Put L = W(OF/Er)(x)C(x). Since (OF/(0F) ) (x) is a cyclic
e(x)Z|G]-module by Lemma 2.1 and e(x)Z;[G] is isomorphic to the ring of
integers of the unramified extension of () of degree dim(x), there is a divisor
t of L such that
(OF/EF)(x) = e(X)(Z/tZ)[G]

with §(05/Er)(x) = t¥™(). Suppose 7 is a generator of (O}/(OF)¥)(x) as
an e(x)Zi[G]-module, n has order L and n* € (£r/(O5)E)(x). Then there is an
Euler system starting from 7' by Theorem 3.3. From now on we fix such an Euler
system.

By induction, suppose Cy,...,C; are elements in C(x) and one has chosen
01,-.-,0; such that the class of g; in C(x) is C; and q; = ¢, N A € S for
1<j<i

Writing 5; = ngz' q; (80 = ¢) we have x4, by Lemma 3.5. Let m; be the
order of e(x)ks, in F*/(F*)L t; = L/m; and W be the G-module generated by
e(X)ks; in (F*/(F*)E)(x). Define a G-equivariant map ¢: W — (Z/LZ)[G] by
P(e(x)ks,) = tie(x) and choose C;41 € C(x) — (C1,-..,C;). By Proposition 3.8,
one has a prime ;41 of F' such that the class of g;41 in C(x) is Ciy1, Qig1 =
0i+1N A € S and there is u € (Z/LZ)* satisfying ¢q,,, (e(x)Ks,) = utie(x)0i+1-
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Writing 5,41 = $;9;41 we obtain ks, , by Lemma 3.5. Let m;y, be the order
of e(X)ks,,, in F*/(F*)L and t;41 = L/miy1. Then e(x)ks,,, = ft+1 for some
f € F*. By Lemma 3.7,

[8(X)I‘é5i+l] = ‘pqz-ﬂ (e(X)K’S,‘) + Z[e(X)HsH_I]% = Utie(X)QH—l
i<i
in J/(LJ, Jgys -y Jq;). S0 tiy1]t; and ti41]to by induction. Since kg, = K, = 1t
one has to =t and (L/t;+1)C(x) = 0. Now in J/((L/ti+1)J, Jgys- - -, Jq,) one has

i

[f] = ulti/tiv1)e(x) 0it1-

This implies that
(ti/ti+1)Cix1 =0

in C(x)/{Cy,...,Cs).
Continue this process until we obtain a set {C,...,Cx} which generates C(x)
as an e(x)Z;[G]-module. Then

[(C1,. oo Cizt) : (Cy ey C)I(Ee) bigr) F™)

fori=0,1,...,k — 1 and therefore

k
HC(X)I H(ti_l/ti)dim(X) — (to/tk)dim(X),
i=1
Thus
HCOOIEE™%) = 4(0% /€r) (x).
The result follows from Theorem 2.4. ]
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